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Abstract
The datasets that the LHCb and Belle II experiments are expected to collect in the coming years will allow a 1-
degree precision measurement of the angle γ (φ3) of the unitarity triangle using B± → D(∗)0K(∗)± decays. To reach this
goal a number of subleading eﬀects must be taken into account, including D− D¯ mixing, possible direct CP violation
in D decays and CP violation in the neutral kaon system. We discuss these eﬀects and quantify their magnitude in the
main analysis methods.
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1. Introduction
The angle γ (also called φ3) of the unitarity triangle is
deﬁned as γ ≡ arg
[
−VudV∗ub/VcdV∗cb
]
, where Vi j are the
elements of the Cabibbo-Kobayashi-Maskawa quark-
mixing matrix [1]. The most sensitive method to mea-
sure γ exploits the interference between the b → cu¯s
and b→ uc¯s amplitudes in B− → D(∗)0K(∗)− decays [2].
Since the process is dominated by tree amplitudes and
the hadronic parameters can be extracted directly from
data, the measurement of γ with these decays is theo-
retically very clean, with an estimated irreducible un-
certainty δγ ∼ O(10−5)◦ [3]. The present world-average
experimental error of 7−8◦ [4, 5] is expected to decrease
signiﬁcantly over the next years thanks to the contri-
butions from the LHCb experiment and its upgrade at
LHC [6], and the Belle2 experiment at SuperKEK [7].
Figure 1 shows the error projections of the two exper-
iments as a function of time and their combined preci-
sion under the assumption of uncorrelated uncertainties.
According to this schedule the world-average precision
is expected to reach the 1-degree level in the ﬁrst half of
next decade. As a consequence, we are entering a phase
where sources of bias which so far could be safely ne-
glected will soon become signiﬁcant. These include the
eﬀect of D− D¯ mixing [8, 9, 10, 11], possible direct CP
violation in D decays [12, 13] and CP violation in the
neutral kaon system [14]. In the following sections we
review how these eﬀects can aﬀect the extraction of γ
and we quantify the bias introduced when they are ig-
nored.
2. B → DK rates in the presence of D − D¯ mixing
In this section we introduce the B→ DK rates in the
presence of D−D¯ mixing and without imposingCP con-
servation. We deﬁne the eigenstates |D1,2〉 of the eﬀec-
tive Hamiltonian as |D1,2〉 ≡ p|D0〉 ± q|D¯0〉, with eigen-
values λi = mi − i2Γi, and the D − D¯ mixing parameters
x ≡ (m1−m2)/Γ, y ≡ (Γ1−Γ2)/2Γ, m ≡ (m1+m2)/2 and
Γ ≡ (Γ1 + Γ2)/2. If CP is conserved CP|D1,2〉 = ±|D1,2〉
and q/p = 1.
The amplitude of the decay B− → [ f ]DK− can be
written as
A(B− → [ f ]DK−) = ADAf (t) + AD¯A¯ f (t) , (1)
where [ f ]D represents any ﬁnal state originating from
the decay of D0 or D¯0 and AD ≡ 〈D0K−|H|B−〉, AD¯ ≡
〈D¯0K−|H|B−〉, Af (t) ≡ g+(t)Af + qpg−(t)A¯ f , A¯ f (t) ≡
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Figure 1: Expected experimental precision reached by the upgraded LHCb and the Belle2 experiments as a function of time [6, 7] using B− →
D(∗)0K(∗)− decays, and their combination assuming the errors uncorrelated.
g+(t)A¯ f +
p
q g−(t)Af , Af ≡ 〈 f |H|D0〉, A¯ f ≡ 〈 f |H|D¯0〉 and
g±(t) = (e−iλ1t±e−iλ2t)/2. The time-integrated decay rate
of B− → [ f ]DK− is derived from eq. (1):
Γ(B− → [ f ]DK−) ∝
∣∣∣ADAf + AD¯A¯ f ∣∣∣2 I++
+2Re
[
(ADAf + AD¯A¯ f )
(
q
p
ADA¯ f +
p
q
AD¯Af
)∗]
Re[I+−]
−2Im
[
(ADAf + AD¯A¯ f )
(
q
p
ADA¯ f +
p
q
AD¯Af
)∗]
Im[I+−]
+
∣∣∣∣∣ qpADA¯ f +
p
q
AD¯Af
∣∣∣∣∣
2
I−− , (2)
where we have introduced the integrals Ii j =∫ +∞
0 gi(t)g
∗
j(t)(t) dt. (t) is the signal selection eﬃ-
ciency as a function of the D proper time. Its eﬀect is
discussed in sec. 6.
Calculating the integrals Ii j in eq. (2) assuming a con-
stant (t), it follows
Γ(B− → [ f ]DK−) ∝ |ADA¯ f |2
[
|A1|2
(
1 +
−x2 + y2 + 2x2y2
2(1 + x2)(1 − y2)
)
−Re[A1A∗2]
y
1 − y2 − Im[A1A
∗
2]
x
1 + x2
+|A2|2 x
2 + y2
2(1 + x2)(1 − y2)
]
, (3)
where A1 ≡ r f e−iδ f + rBei(δB−γ), A2 ≡ qp +
p
q rBe
i(δB−γ)r f e−iδ f , and the hadronic parameters rB, δB, r f
and δ f are deﬁned as rBei(δB−γ) ≡ AD¯/AD and r f e−iδ f ≡
Af /A¯ f . Equation (3) is exact, meaning that if it is used
to relate the measured observables to γ, no signiﬁcant
bias is introduced in the extraction of the latter even at
the sub degree level of precision.
In secs. 3-7 we impose CP conservation and examine
the eﬀect of D− D¯ mixing in the main analysis methods.
The impact of the D− D¯ mixing corrections is driven by
the value of
√
x2 + y2/rB. For B− → D(0)∗K(∗)− decays
the values of rB are close to 0.1 whereas the charm mix-
ing parameters are [15]
x =
(
0.63+0.19−0.20
)
× 10−2, y = (0.75± 0.12)× 10−2, (4)
so that
√
x2 + y2/rB ≈ 0.1. The parameter rB,π for
B− → D0π− is not well known yet but it is expected
to be approximately rB|VcdVus/VudVcs| ≈ 0.005, so that√
x2 + y2/rB,π ∼ O(1) [8]. Therefore, the eﬀect of mix-
ing in B− → D0π− is at the level of 100% and can never
been neglected when these decays are used to constrain
γ.
3. GLW method
In the Gronau-London-Wyler method [16] the D me-
son is reconstructed in CP-eigenstate ﬁnal states, such
as K+K− (CP-even) or K0S π
0 (CP-odd). The Cabibbo-
allowed decay D0 → K−π+ is also reconstructed and
used as normalization mode. The quantities
RfK/π ≡
Γ(B− → [ f ]DK−) + Γ(B+ → [ f¯ ]DK+)
Γ(B− → [ f ]Dπ−) + Γ(B+ → [ f¯ ]Dπ+)
, (5)
Afh ≡
Γ(B− → [ f ]Dh−) − Γ(B+ → [ f¯ ]Dh+)
Γ(B− → [ f ]Dh−) + Γ(B+ → [ f¯ ]Dh+)
, (6)
are measured, with f = fCP± or K−π+, where fCP± in-
dicates a generic CP-eigenstate state. The CP asym-
metries Afh and the double ratios R
fCP±
K/π /R
K−π+
K/π do not
depend on |AD| and |ADπ|, and are used to constrain γ
together with the hadronic parameters rB, δB, rB,π and
δB,π. From eq. (3), assuming CP conservation and using
η± ≡ r f e−iδ f = ±1 for f = fCP±, one ﬁnds
Γ(B− → [ fCP±]DK−) ∝ |ADA¯ fCP |2
×1 + r
2
B + 2η±rB cos(δB − γ)
1 + η± y
. (7)
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An analogous relation holds for B− → D0π− with the
substitution AD → ADπ, rB → rB,π and δB → δB,π. From
eq. (7) it follows that RfCP±K/π and A
fCP±
h are not aﬀected
by D − D¯ mixing because the correction factors cancel
out in the ratio [11]. Charm mixing terms remain in
RK
−π+
K/π but they are O
(
rB
√
x2 + y2
)
 10−3 compared
to the main term. In conclusion, charm mixing has no
eﬀect on the CP asymmetries and is suppressed in the
double ratio RfCP±K/π /R
K−π+
K/π . This brings a relative bias in
the extraction of the cartesian coordinates x± [17] at the
level of percent. Using the results discussed in sec. 7
this translates into a shift on γ  O(0.1) deg.
4. ADS method
In the Atwood-Dunietz-Soni (ADS) method [18] the
D0 is reconstructed into a doubly Cabibbo-suppressed
decay, such as D0 → K−π+. The ratio of the Cabibbo-
suppressed and Cabibbo-allowed rates is measured sep-
arately for B+ and B−,
R∓K ≡
Γ(B∓ → [K±π∓]DK∓)
Γ(B∓ → [K∓π±]DK∓) . (8)
The ratios R∓π for B∓ → [K±π∓]Dπ∓ are deﬁned anal-
ogously. The ADS observables can be expressed also
in terms of the CP asymmetry and the average ratio,
deﬁned as AADS ≡ (R−K − R+K)/(R−K + R+K) and RADS ≡
(R−K + R
+
K)/2, respectively. From eq. (3), neglecting
terms quadratic in x and y or  O(10−2) with respect
to the leading terms, the rate of the suppressed decay is
Γ(B− → [ f ]DK−) ∝
∣∣∣ADA¯ f ∣∣∣2 [
r2f + r
2
B + 2 r f rB cos(δB − γ + δ f )
−y r f cos δ f − y rB cos(δB − γ)
+x r f sin δ f − x rB sin(δB − γ)
]
. (9)
For f = K+π− it is found r f ∼ 0.06 and δ f ∼ 200◦ [15,
19].
To understand the eﬀect of ignoring the D − D¯ mix-
ing corrections in the ADS observables it is useful to ex-
press the ratios R±K in terms of the cartesian coordinates
xB± ≡ rB cos(δB ± γ) and yB± ≡ rB sin(δB ± γ). Using
eq. (9) and the corresponding relation for the Cabibbo-
favored decay, eq. (8) can be written as
R∓K = (xB∓ − y/2 + r f cos δ f )2
+(yB∓ − x/2 − r f sin δ f )2, (10)
which represents two circles in the plane (xB∓, yB∓) cen-
tered at (−r f cos δ f −y/2, r f sin δ f −x/2) and with radius√
R∓K . Therefore, ignoring D− D¯ mixing corresponds to
measuring x′B± = xB± − y/2 and y′B± = yB± − x/2 instead
of xB± and yB±, respectively [11]. The resulting bias on
γ is about 1◦ and is discussed in detail in sec. 7.
5. Dalitz method
In the Dalitz method the D meson is reconstructed
in a 3-body ﬁnal state such as D0 → K0S π+π− [Giri-
Grossman-Soﬀer-Zupan (GGSZ) method] [20, 21] or
K+π−π0 [9, 18]. The use of 4-body decays has also been
investigated [22]. In the following we consider the de-
cay D0 → K0S h+h− (h = π,K), but similar conclusions
apply to other decay modes.
Assuming no CP violation, we write the decay am-
plitudes of D0 and D¯0 as Af ≡ f− = f (m2−,m2+) and
A¯ f ≡ f+ = f (m2+,m2−), where m2− and m2+ are the
squared masses of K0S h
− and K0S h
+, respectively. From
eq. (3), neglecting terms quadratic in x, y and introduc-
ing the cartesian coordinates xB± = rB cos(δB ± γ) and
yB± = rB sin(δB ± γ), the yield is
Γ(B− → [ f ]DK−) ∝
| f−|2(1 − xB− y + yB− x)
+| f+|2
(
r2B − xB− y − yB− x
)
+2Re[ f− f ∗+]
(
xB− − y2(1 + r
2
B)
)
+2Im[ f− f ∗+]
(
yB− − x2(1 − r
2
B)
)
. (11)
Introducing the shifted coordinates x′B± = xB± − y/2 and
y′B± = yB± − x/2 as in sec. 4, eq. (11) can be written as
Γ(B− → [ f ]DK−) ∝
| f−|2 + r′2B−| f+|2 + 2x′B−Re[ f− f ∗+] + 2y′B−Im[ f− f ∗+],
(12)
where r′2B∓ = x
′2
B∓+y
′2
B∓ and terms O(10−2) with respect
to x and y have been neglected.
Equation (12) and its CP-conjugate version are the
well known relations used to extract the cartesian co-
ordinates in the model-dependent GGSZ analysis, with
(xB∓, yB∓) replaced by (x′B∓, y
′
B∓). Therefore, ignoring
charm mixing in the B± → DK± rates corresponds to
measuring (x′B±, y
′
B±) instead of (xB±, yB±) [11]. If this
shift is not corrected for, the corresponding bias on γ
can be O(1) deg as discussed in sec. 7. This conclusion
holds when the amplitudes f± are measured by taking
D − D¯ mixing into account, as in the time-dependent
Dalitz plot analysis to measure x, y with D0 → K0S π+π−
decays [23]. This is the choice adopted by BaBar [24]
and LHCb [25].
If instead f± are determined from a Dalitz plot ﬁt of
ﬂavor-tagged D0 decays without taking charm mixing
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corrections into account, the resulting f± “absorb” to
some extent these corrections in a way that the shift of
the cartesian coordinates is signiﬁcantly reduced. The
residual bias of γ in this case can be estimated using
simulations and is found to be O(0.1) deg [26].
In the model-independent approach [20] the Dalitz
plot is divided into 2N bins, chosen for convenience
to be symmetric under the exchange m2+ ↔ m2−, and
the number of B∓ → [K0S π+π−]DK∓ decays is measured
in each bin. The main relation can be obtained from
eq. (11) with the substitution | f−|2 → Kj, | f+|2 → K− j,
f− f ∗+ →
√
KjK− j(C j + iS j), where the index j indi-
cates the jth Dalitz plot bin and Kj is proportional to
|A(D0 → K0S π+π−)|2 integrated over bin j of the Dalitz
plot. The parameters C j and S j contain information on
the strong phase diﬀerence between A(D0 → K0S π+π−)
and A(D¯0 → K0S π+π−) in each bin j, and are measured
at charm threshold [27]. From eq. (12) the number of
B∓ decays in each bin j can be written as
N∓j ∝ K± j+r′2B∓K∓ j+2
√
KjK− j
(
x′B∓C j ± y′B∓S j
)
. (13)
The discussion is similar to the model-dependent case.
If the parameters Kj are measured taking charm mix-
ing into account [28], then ignoring mixing in the mea-
surement of the B± rates corresponds to measuring
(x′B±, y
′
B±) instead of (xB±, yB±). However, if the param-
eters Kj are measured from ﬂavor-tagged D0 decays ig-
noring mixing (we label them K′j in the following), the
resulting shift of (xB±, yB±) is suppressed by a factor rB,
as can be seen by rewriting eq. (11) as [29]
N∓j ∝ K′± j + r2BK′∓ j + 2
√
K′jK
′
− j
(
xB∓C′j ± yB∓S ′j
)
, (14)
whereC′j and S
′
j diﬀer fromC j and S j for terms linear in
x and y. The resulting bias of γ is found to be 0.2 deg.
This strategy has been pursued by LHCb [30].
6. Eﬀect of the time acceptance
So far we have assumed that the signal selection eﬃ-
ciency (t) as a function of the D proper time is constant.
When this assumption is not satisﬁed the terms linear in
x and y are multiplied by a common factor α > 1 which
depends on (t) [11]. For example, in a simpliﬁed sce-
nario with (t) = θ(t − tc), where θ(t) is the Heavyside
step function, α = 1 + tc/τD. The eﬀect arising from
a non-uniform time acceptance can be particularly sig-
niﬁcant in experiments at hadron colliders where tight
requirements on the D lifetime may be imposed to re-
ject backgrounds. For instance, in the LHCb GLW/ADS
measurement [31] the D0 ﬂight distance signiﬁcance is
Figure 2: Δγ as a function of δB in B− → D0K− decays using the
ADS and Dalitz methods when D−D¯ mixing is ignored in the B± rates
but not in the determination of the D decay parameters, for diﬀerent
values of the mixing parameters x and y.
required to be larger than 2 to reject the charmless back-
ground B− → h−1h+2h−3 (hi = π or K). Using the mea-
sured acceptance and resolution function it was found
α = 1.20 ± 0.04 [32], which translates into a 20% in-
crease of the charm mixing eﬀect on γ.
Care is also needed in the Dalitz model-independent
approach when the parameters Kj are measured from
ﬂavor-tagged D0 decays. The conclusion mentioned
in sec. 5, that the residual shift of (xB±, yB±) is
O(rB
√
x2 + y2), and therefore |Δγ| < 0.2◦, is valid when
the acceptance correction factors in the determination
of K′± j and N
∓
j in eq. (14) are identical. Otherwise, in-
dicating these factors with α1 and α2, additional correc-
tions proportional to (α1 − α2) × O(x, y) appear. Choos-
ing for example α1 = 1.2 and α2 = 1.0 brings a shift
|Δγ| ∼ 0.2◦ which should be combined with the one es-
timated in [29].
It is worth to mention that the time acceptance eﬀect
is particularly relevant for B− → D0π− [31][32], where
x and y are of the same order of magnitude as rB,π.
7. Bias on γ from the shifted cartesian coordinates
Following the discussion in sec. 4 and 5, we esti-
mate the bias in the extraction of γ and rB using B− →
D(∗)0K− decays when (x′B±, y
′
B±) are measured instead
of (xB±, yB±). We deﬁne γ′ as the angle computed when
(xB±, yB±) are replaced with (x′B±, y
′
B±) and the bias Δγ
as Δγ = γ′ − γ. It can be shown that the following rela-
tion holds [11]
Δγ (rad) =
α
2
√
x2 + y2
rB
sin γ sin(δB + δ0), (15)
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Table 1: World average measurements [4] of rB and δB for B− →
D(∗)0K(∗)− and resulting bias Δγ when (x′B± = xB± − y/2,y′B± = yB± −
x/2) are used instead of (xB±, yB±).
rB δB (deg) Δγ (deg)
B− → D0K− 0.096 ± 0.006 115 ± 9 0.7 ± 0.7
B− → D∗0K− 0.121 ± 0.019 −55 ± 14 −0.2 ± 0.6
B− → D0K∗− 0.140 ± 0.046 110+31−42 0.6 ± 1.1
where δ0 = arctan(y/x) and α is the correction fac-
tor which depends on the time acceptance discussed
in sec. 6. Since eq. (15) neglects terms of the order
O((x2 + y2)3/2/r3B) it should not be used for B− →
D(∗)0π−. Figure 2 shows how Δγ varies as a function
of δB assuming γ = 70◦, rB = 0.1, y = 0.75 × 10−2,
x = 0.63 × 10−2 and α = 1. The scenarios where the
value of x or y is changed by ±1σ according to eq. (4)
are superimposed. The bias ranges between +3◦ and
−3◦ depending on the value of δB. However, if we re-
strict ourselves to the measured range for B− → D0K−,
δB = (115±9)◦ [4], the bias reduces to Δγ = (0.7±0.7)◦,
where the error includes the uncertainty on δB, x, y, rB
and γ, and is dominated by the ﬁrst two contributions.
In conclusion, the shift of γ in the ADS and Dalitz
methods when D − D¯ mixing is ignored in the B rates
but not in the determination of the D decay parameters
could be in principle as large as ∼ 3◦ in B− → D(∗)0K(∗)−
decays, but in practice it is reduced to about 1◦ due to
the particular values of δB. The resulting shifts are sum-
marized in tab. 1.
With (x′B±,y
′
B±) in general the relation r
′2
B+ ≡ x′2B+ +
y′2B+ = r
′2
B− ≡ x′2B− + y′2B− does not hold: r′B± ≈
rB
(
1 − y xB±/(2r2B) − x yB±/(2r2B)
)
. Using the measured
values of x, y, rB, γ and δB we ﬁnd for B− → D0K−
r′B+ = (1.04 ± 0.01) rB and r′B− = (0.95 ± 0.01) rB.
8. CP violation in D decays
Following the evidence of directCP violation in D→
h+h− decays (h = π, K) reported a few years ago by
the LHCb Collaboration and supported by CDF [33],
a number of recent theoretical works have shown that
direct CP asymmetries in singly Cabibbo-suppressed D
decays at the level of a few 10−3 can be accomodated in
the standard model [34] and might be further enhanced
in well motivated new physics scenarios [35].
Even though direct CP violation has not been con-
ﬁrmed in the later LHCb measurement [36] it is impor-
tant to estimate its potential impact in the GLW method
in order to constrain or correct the potential bias of
γ. It can be shown [12] that at leading order the dou-
ble ratio RfCP±K/π /R
K−π+
K/π is unaﬀected, while the CP asym-
metry AfCP±h changes as A
fCP±
h → AfCP±h + AdirCP( fCP±),
where RfCP±K/π /R
K−π+
K/π and A
fCP±
h are deﬁned in sec. 3 and
AdirCP( fCP±) is the direct CP asymmetry in the D→ fCP±
decay. The subleading terms are O(rBAdirCP( fCP±)) and
therefore can be safely neglected. Using the current lim-
its on AdirCP(h
+h−) [15] the maximum bias of γ when di-
rect CP violation is neglected is approximately 1◦ for
B± → D(∗)0K(∗)± decays. It is worth to remark that this
is the theoretical bias when only the CP-even GLW ob-
servables are used to constrain γ assuming to know rB.
The actual bias in a global combination of the main ex-
perimental methods would be much smaller.
The possible eﬀect of direct CP violation in charm
on the measurement of γ using the GGSZ method has
been discussed in Ref. [13]. Using the notation intro-
duced in sec. 5 and indicating the term proportional to
|A(D¯0 → f )|2 in bin j of the Dalitz plot with K¯ j, in gen-
eral the relations K¯ j = K− j, C− j = C j and S − j = −S j do
not hold anymore. These equalities are assumed for ex-
ample in eq. (13). Nonetheless, it is possible to general-
ize the GGSZ method by measuring Kj, K¯ j,C± j and S ± j
independently, thus removing any potential bias on γ at
the price of a loss of statistical precision arising from
the increased number of free parameters not exceeding
10% [13].
8.1. CP violation in the neutral kaon system
Some of the most sensitive D decay modes used to
constrain γ contain a K0S in the ﬁnal state, such as
K0S π
+π− or the CP-odd K0S π
0. CP violation in neutral
kaons has been neglected so far, but since in general
the impact on γ scales as |K/rB| ∼ O(10−2) [14], it
might have a non-negligible impact in the 1◦ precision
era. Since CP violation in the kaon decay determines
a CP asymmetry in the parent D decay, the same tech-
niques and results discussed earlier in this section can
be applied in this case.
In particular, at leading order theCP asymmetry AfCP−h
in the GLW method changes according to AfCP−h →
AfCP−h +2Re() [14], where fCP− indicates aCP-odd ﬁnal
state such as K0S π
0 or K0S η.
Similarly, in the decays B → DK, D → K0S h+h−
(h = π, K) the generalized GGSZ method [13] can be
applied to keep the eﬀect of CP violation in the kaon
system completely into account, with a loss of statistical
power  10%. If instead CP violation is considered in
the determination of the Kj, K¯ j parameters which, there-
fore, have to be measured independently, but not in the
determination of C j and S j (i.e. the relations C j = C− j,
S j = −S − j are still assumed), the neglected terms are
O(|rBK |) and the corresponding shift of γ is O(0.1) deg.
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Finally, ifCP violation in the kaon system is completely
ignored, the neglected terms are O(|K |) and the bias of
γ may be close to 1◦.
9. Conclusions
With the datasets that the LHCb and Belle2 experi-
ments are expected to collect over the next few years
the measurement of γ with B± → D(∗)0K(∗)± decays is
entering the precision era. A number of subleading cor-
rections will soon start to be important, including the
eﬀect of D − D¯ mixing and possible direct CP violation
in D decays, as well as CP violation in the neutral kaon
system. All these eﬀects can be exactly taken into ac-
count in the equations used to extract γ, therefore there
is no impact on the theoretical cleanness of the methods.
If they are neglected, the bias on γ ranges approximately
between 0.1◦ and 1◦, depending on the eﬀect and on the
experimental technique. In the case of B± → D(∗)0π±
decays these sources of bias should not be ignored even
at the current level of precision because they are of the
same order of magnitude as the leading terms contain-
ing γ.
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